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HYPEREXPANSIVE WEIGHTED TRANSLATION SEMIGROUPS

BY

GEETANJALI M. PHATAK and V. M. SHOLAPURKAR (Pune)

Abstract. Weighted shift operators turn out to be extremely useful in supplying
interesting examples of operators on Hilbert spaces. With a view to studying continuous
analogues of weighted shifts, M. Embry and A. Lambert initiated the study of operator
semigroups {St} indexed by non-negative real numbers and termed weighted translation
semigroups, where the operators St are defined on L2(R+) by using a weight function. We
obtain characterizations of hyperexpansive weighted translation semigroups in terms of
their symbols. We also discuss the Cauchy dual of a hyperexpansive weighted translation
semigroup. As an application, we present new proofs of a couple of known results.

1. Introduction. LetH be a complex separable Hilbert space and B(H)
the algebra of bounded linear operators on H. Recall that for an orthonormal
basis {en} of H and a bounded sequence {αn} of scalars, a weighted shift
operator T : {αn} is defined by T (en) = αnen+1 and extended by linear-
ity and continuity. The flexibility of choosing {αn} allows one to construct
several interesting examples of a variety of classes of operators. The class
of weighted shift operators has been systematically studied in [17]. With a
view to developing a continuous analogue of weighted shifts, M. Embry and
A. Lambert [11] initiated the study of operators that can be defined by us-
ing a weight function (rather than a weight sequence). In fact, for a positive,
measurable function ϕ, they constructed a semigroup {St} of bounded lin-
ear operators on L2(R+), parametrized by non-negative real numbers t and
termed a weighted translation semigroup.

In this paper, we further explore the semigroups {St}, provide a variety
of examples and present some important properties. In Section 2, we set the
notation and record some definitions required in the sequel. In Section 3,
we study some special types of weighted translation semigroups. In [11]
and [12], M. Embry and A. Lambert characterized hyponormal and sub-
normal weighted translation semigroups. Here, capitalizing on the theory
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of associating a special type of non-negative function to a special type of
bounded linear operator as developed in [5] and [20], we provide character-
izations for completely hyperexpansive, 2-hyperexpansive, 2-isometric and
alternatingly hyperexpansive weighted translation semigroups in terms of
their symbols. In this paper, these four classes of operator semigroups are
referred to as hyperexpansive weighted translation semigroups. In the pro-
cess, we also obtain a characterization of a contractive subnormal weighted
translation semigroup in terms of a completely monotone function. Section 4
is devoted to the notion of Cauchy dual of a hyperexpansive weighted trans-
lation semigroup. We present a comparative analysis of weighted shift oper-
ators and weighted translation semigroups, especially in the light of Cauchy
duals of corresponding classes, and present new proofs of some known results.

2. Preliminaries. Let R+ be the set of non-negative real numbers and
L2(R+) the Hilbert space of complex valued square integrable Lebesgue mea-
surable functions on R+. Let B(L2) denote the algebra of bounded linear
operators on L2(R+).

Definition 2.1. For a measurable, positive function ϕ defined on R+

and t ∈ R+, define the function ϕt : R+ → R+ by

ϕt(x) =


√

ϕ(x)

ϕ(x− t)
if x ≥ t,

0 if x < t.

Suppose that ϕt is essentially bounded for every t ∈ R+. For each fixed
t ∈ R+, we define St on L2(R+) by

Stf(x) =

{
ϕt(x)f(x− t) if x ≥ t,
0 if x < t.

Remark 2.2. It is easy to see that for every t ∈ R+, St is a bounded
linear operator on L2(R+) with ‖St‖ = ‖ϕt‖∞, where ‖ϕt‖∞ stands for the
essential supremum of ϕt. The family {St : t ∈ R+} in B(L2) is a semigroup
with S0 = I, the identity operator, and for all t, s ∈ R+, St ◦ Ss = St+s.

We say that ϕt is the weight function corresponding to the operator St.
Further, the semigroup {St : t ∈ R+} is referred to as the weighted translation
semigroup with symbol ϕ. Throughout this article, we assume that the symbol
ϕ is a continuous function on R+. Further, wherever necessary, ϕ is assumed
to be differentiable on (0,∞).

We now turn our attention towards extending the association of special
classes of functions and special types of operator semigroups {St}. We recall
the definitions of some special types of functions. A continuous function
f : R+ → R which is of class C∞ on (0,∞) is called
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(1) completely monotone if

(−1)kf (k)(x) ≥ 0 for all k ≥ 0 and x ∈ (0,∞)

where f (k) denotes the kth derivative of f ;
(2) completely alternating if

(−1)k−1f (k)(x) ≥ 0 for all k ≥ 1 and x ∈ (0,∞);

(3) absolutely monotone if

f (k)(x) ≥ 0 for all k ≥ 0 and x ∈ (0,∞).

These classes of functions have been extensively studied in the literature
[7], [16], [22] and they are naturally associated with some special classes of
operators. Let T be a bounded linear operator on a Hilbert space H and n
be a positive integer. Let Bn(T ) denote the operator

(2.1) Bn(T ) =
n∑
k=0

(−1)k
(
n

k

)
T ∗kT k.

An operator T is said to be

(1) subnormal if there exist a Hilbert space K containing H and a normal
operator N ∈ B(K) such that NH ⊆ H and N |H = T ;

(2) completely hyperexpansive if Bn(T ) ≤ 0 for all n ≥ 1;
(3) m-hyperexpansive if Bn(T ) ≤ 0 for all n ≤ m;
(4) alternatingly hyperexpansive if

n∑
k=0

(−1)n−k
(
n

k

)
T ∗kT k ≥ 0 for all n ≥ 1;

(5) m-isometric if Bm(T ) = 0;
(6) hyponormal if T ∗T − TT ∗ ≥ 0;
(7) a contraction [an expansion] if I − T ∗T ≥ 0 [I − T ∗T ≤ 0].

For a detailed account of these classes of operators, the reader is referred to
[2], [5], [10], [14], [15], [20].

We now quote a characterization of subnormal contractions given by
Agler [1].

Theorem 2.3. An operator T on a Hilbert space H is a subnormal con-
traction if and only if Bn(T ) ≥ 0 for all n ≥ 1.

Among the classes of operators defined above, hyponormal and subnor-
mal weighted translation semigroups have been studied by M. Embry and
A. Lambert. Their characterizations in terms of symbols are recalled below
([11, Lemma 3.3], [12, Theorem 2.2]).

Theorem 2.4. The semigroup {St} with a continuous, positive symbol ϕ
is hyponormal if and only if logϕ is convex.
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The assumption of continuity of ϕ in the above theorem is superfluous.
It turns out that if the semigroup {St} is hyponormal, then the function
logϕ is mid-point convex, and by a result of Sierpiński [21], a measurable
and mid-point convex function is continuous.

Theorem 2.5. A semigroup {St} with a continuous symbol ϕ is subnor-
mal if and only if

ϕ(x) =

a�

0

sx dρ(s),

where a = limt→∞ ‖S∗t St‖1/t and ρ is a probability measure on [0, a].

3. Characterizations of hyperexpansive weighted translation
semigroups. In this section, we continue the theme of characterizing some
classes of weighted translation semigroups in terms of their symbols. We say
that a semigroup {St} is 2-hyperexpansive, m-isometric, completely hyperex-
pansive, subnormal, hyponormal, alternatingly hyperexpansive if each opera-
tor St has the respective property. Consider a weighted translation semigroup
{St} with symbol ϕ. Observe that the adjoint of St is given by

S∗t f(x) =

√
ϕ(x+ t)

ϕ(x)
f(x+ t) for almost every x ∈ R+.

Further it is easy to see that

(S∗t St)f(x) =
ϕ(x+ t)

ϕ(x)
f(x) for almost every x ∈ R+.

Theorem 3.1. Let {St} be a weighted translation semigroup with symbol
ϕ ∈ Cn for a fixed positive integer n. Then the following statements are
equivalent:

(1) Bn(St) ≥ 0 for all t ∈ R+.
(2)

∑n
k=0(−1)k

(
n
k

)
ϕ(x+ kt) ≥ 0 for all x, t ∈ R+.

(3) (−1)nϕ(n)(x) ≥ 0 for all x ∈ (0,∞).

Proof. We first prove (1)⇔(2). Note that for each t ∈ R+, Bn(St) ≥ 0 if
and only if 〈Bn(St)f, f〉 ≥ 0 for all f ∈ L2(R+). This is true if and only if
∞�

0

( n∑
k=0

(−1)k
(
n

k

)
ϕ(x+ kt)

)
|f(x)|2 dx ≥ 0 for all f ∈ L2(R+), x, t ∈ R+.

Now by continuity of ϕ, this is equivalent to (2).
We now prove (2)⇒(3). Since ϕ ∈ Cn, we have

(−1)nϕ(n)(x) = lim
h→0

∑n
k=0(−1)k

(
n
k

)
ϕ(x+ kh)

hn
.
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Hence the condition
n∑
k=0

(−1)k
(
n

k

)
ϕ(x+ kt) ≥ 0 for all x, t ∈ R+

implies that (−1)nϕ(n)(x) ≥ 0 for all x ∈ (0,∞).

(3)⇒(2) follows from the fact that repeated application of the Mean
Value Theorem gives

n∑
k=0

(−1)k
(
n

k

)
ϕ(x+ kt) = (−1)ntnϕ(n)(x′)

for some x′ ∈ (x, x+ nt) [16, Theorem 4.8].

The proof of the following theorem is similar to the above.

Theorem 3.2. Let {St} be a weighted translation semigroup with symbol
ϕ ∈ Cn for a fixed positive integer n. Then the following statements are
equivalent:

(1) Bn(St) ≤ 0 for all t ∈ R+.
(2)

∑n
k=0(−1)k

(
n
k

)
ϕ(x+ kt) ≤ 0 for all x, t ∈ R+.

(3) (−1)nϕ(n)(x) ≤ 0 for all x ∈ (0,∞).

The following corollary follows at once from Theorems 3.1 and 3.2.

Corollary 3.3. Let {St} be a weighted translation semigroup with sym-
bol ϕ ∈ C∞. Then the semigroup {St} is

(1) 2-hyperexpansive if and only if ϕ is concave;
(2) m-isometric if and only if ϕ is a polynomial of degree m− 1;
(3) completely hyperexpansive if and only if ϕ is completely alternating;
(4) a subnormal contraction if and only if ϕ is completely monotone;
(5) alternatingly hyperexpansive if and only if ϕ is absolutely monotone.

Remark 3.4. Note that if the semigroup {St} is 2-hyperexpansive, then
the symbol ϕ is mid-point concave. As in the case of convexity, it turns
out that a measurable, mid-point concave function is continuous and hence
concave. Thus statement (1) in Corollary 3.3 can be proved only under the
assumption of measurability of ϕ. Also (2) can be proved under the weaker
condition that ϕ ∈ Cm.

We now give characterizations of contractive subnormal and completely
hyperexpansive semigroups {St}, in terms of integral representations of the
symbol ϕ, by appealing to a suitable modification of the integral representa-
tions of completely monotone and completely alternating maps as given in
[16, Theorems 1.4, 3.2] for functions defined and continuous on R+, and C∞
on (0,∞).
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Proposition 3.5. Let {St} be a weighted translation semigroup with
symbol ϕ ∈ C∞.
(1) The semigroup {St} is a subnormal contraction if and only if

ϕ(x) =

∞�

0

e−xa dµ(a), x ∈ (0,∞),

where µ is a finite non-negative Borel measure on [0,∞).
(2) The semigroup {St} is completely hyperexpansive if and only if

ϕ(x) = ϕ(0) + cx+

∞�

0

(1− e−ax) dµ(a), x ∈ (0,∞),

where c is a non-negative real number and µ is a measure on [0,∞)
satisfying

	∞
0 (1 ∧ a) dµ(a) <∞. Here, 1 ∧ a = min{1, a}.

Remark 3.6. We now show that if ϕ is either completely monotone or
completely alternating, then the weight function ϕt is essentially bounded.

(1) If ϕ is completely monotone, then ϕ′ ≤ 0. Therefore ϕ is decreasing.
Hence ϕt ≤ 1 for all t ∈ R+.

(2) If ϕ is completely alternating, then ϕ′ ≥ 0 and therefore ϕ is in-
creasing. Hence ϕt(x) ≥ 1 for x ≥ t. We now prove that for every fixed
t ∈ R+, limx→∞ ϕt(x) = 1. Since ϕt ≥ 0, it is sufficient to prove that

lim
x→∞

ϕ2
t (x) = lim

x→∞

ϕ(x)

ϕ(x− t)
= 1.

Since ϕ is completely alternating, by Corollary 3.3(3) and Proposition 3.5(2)
we have

ϕ(x) = ϕ(0) + cx+

∞�

0

(1− e−ax) dµ(a),

where c ≥ 0 and µ is a measure on [0,∞) with
	∞
0 (1 ∧ a) dµ(a) <∞. Now,

ϕ(x)

ϕ(x− t)
− 1 =

ϕ(x)− ϕ(x− t)
ϕ(x− t)

=
ct+

	∞
0 [e−a(x−t) − e−ax] dµ(a)

ϕ(0) + c(x− t) +
	∞
0 (1− e−a(x−t)) dµ(a)

.

Note that F (x) = e−a(x−t) − e−ax is a decreasing function and F (x) → 0
as x→∞. By the Lebesgue monotone convergence theorem, it follows that	∞
0 [e−a(x−t) − e−ax] dµ(a)→ 0. Hence limx→∞ ϕt(x) = 1.

As noted in Corollary 3.3(1), the symbol ϕ of a 2-hyperexpansive weighted
translation semigroup is concave. By [9, Lemma 3.16], if ϕ is C2, then it is
increasing. Recall that if a weighted shift operator is 2-hyperexpansive, then
the corresponding weight sequence is decreasing [5, Proposition 4]. However,
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the following example indicates that the weight function ϕt associated to a
2-hyperexpansive operator St need not be monotone.

Example 3.7. Let ϕ(x) =
√
x+ 1. As ϕ is concave, by Corollary 3.3(1)

the corresponding semigroup {St} is 2-hyperexpansive. A simple computa-
tion reveals that ϕ1, the weight function corresponding to S1, is neither
increasing nor decreasing.

By choosing special types of symbols, it is easy to construct special types
of weighted translation semigroups. Here, we illustrate Corollary 3.3 in some
special cases.

Example 3.8. Let ϕ be the symbol of the semigroup {St}. In the follow-
ing examples, the weight function ϕt is essentially bounded for every t ∈ R+.

(1) Let ϕ(x) = x+λ
x+1 , λ > 0. Then ϕ(n)(x) = (1−λ)(−1)n−1n!

(x+1)n+1 . For 0 < λ < 1,

the symbol ϕ is completely alternating and the corresponding semigroup
{St} is completely hyperexpansive. For λ > 1, the symbol ϕ is completely
monotone and {St} is a subnormal contraction.

(2) Let ϕ(x) = ex. Since logϕ is convex, {St} is hyponormal. By Corollary
3.3(4), this semigroup is not subnormal.

In [13, Theorem 1], it was proved that if a function ϕ is completely
monotone, then logϕ is convex. We now present a different proof of this fact
using Corollary 3.3.

Proposition 3.9. If a function ϕ is completely monotone, then logϕ is
convex.

Proof. Suppose a positive C∞ function ϕ is completely monotone. Then
the weight function ϕt is essentially bounded. Therefore by Corollary 3.3(4),
the semigroup {St} with symbol ϕ is subnormal. This implies that {St} is
hyponormal [10, Proposition 4.2]. Hence by Theorem 2.4, the function logϕ
is convex.

4. Cauchy dual of hyperexpansive weighted translation semi-
groups. The notion of Cauchy dual of a left invertible operator was intro-
duced by S. Shimorin [18]. Recall that for a left invertible operator T, the
Cauchy dual T ′ of T is defined as T ′ = T (T ∗T )−1. Note that an operator T
is left invertible if and only if T is injective and its range is closed.

In this section, we shall discuss the Cauchy dual of a hyperexpansive
weighted translation semigroup. In particular, the Cauchy duals of com-
pletely hyperexpansive, 2-hyperexpansive and 2-isometric weighted trans-
lation semigroups will be discussed. Though the Cauchy duals of each of
these classes of operators have been dealt with in the literature [3], [5],
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[8], [19], function-theoretic considerations allow one to give considerably sim-
pler proofs in the context of a weighted translation semigroup.

Let {St} be a weighted translation semigroup with symbol ϕ. It is easy
to check that for every t ∈ R+, the operator St is injective. Further, if we
assume that for every t ∈ R+, infx

ϕ(x+t)
ϕ(x) > 0, then the range of St is

closed, implying that St is left invertible for every t ∈ R+. We say that the
semigroup {St} is left invertible if each operator St is left invertible. Thus
the stated condition on ϕ ensures the left invertibility of the semigroup {St}.
In this case, the operator (S∗t St)−1S∗t is a left inverse of St. Observe that for
any t ∈ R+,

(S∗t St)
−1f(x) =

ϕ(x)

ϕ(x+ t)
f(x) for almost every x ∈ R+.

Now it is easy to see that the Cauchy dual S′t of St is given by

S′tf(x) =

{
1

ϕt(x)
f(x− t) if x ≥ t,

0 if x < t.

Observe that for t ∈ R+, the family {S′t} of operators also forms a semi-
group. We say that the weighted translation semigroup {S′t} is the Cauchy
dual of the weighted translation semigroup {St}.

Remark 4.1. Note that if {St} is a weighted translation semigroup with
symbol ϕ, then the symbol corresponding to the weighted translation semi-
group {S′t} is 1/ϕ. Observe that if the weight function of a left invertible
operator St is ϕt, then the weight function of its Cauchy dual S′t is 1/ϕt.
This resembles the fact that the weight sequence of the Cauchy dual of a left
invertible weighted shift T : {αn} is {1/αn}.

Remark 4.2. If {St} is a hyperexpansive weighted translation semigroup
with symbol ϕ, then ϕ is increasing and infx

ϕ(x+t)
ϕ(x) ≥ 1 for all t ∈ R+. Thus

every hyperexpansive weighted translation semigroup is left invertible.

It is known that if T is a completely hyperexpansive weighted shift, then
its Cauchy dual T ′ is a subnormal contraction [5, Remark 4, Proposition 6].
We now prove this result in the context of a weighted translation semigroup.

Proposition 4.3. If the semigroup {St} with symbol ϕ ∈ C∞ is a com-
pletely hyperexpansive weighted translation semigroup, then its Cauchy dual
{S′t} is a subnormal contraction.

Proof. In view of Corollary 3.3(3, 4) and Remark 4.1, it is sufficient to
prove that if ϕ is completely alternating, then 1/ϕ is completely monotone.
This result is a special case of [16, Theorem 3.6(ii)]. However, we give a direct
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and simple proof. Let ψ = 1/ϕ. Then

ψ′ =
−1
ϕ2
ϕ′ ≤ 0, ψ′′ =

−1
ϕ2
ϕ′′ +

2

ϕ3
ϕ′

2 ≥ 0.

Suppose k and n are positive integers. Suppose ψ(k) ≤ 0 if k is odd and
ψ(k) ≥ 0 if k is even for k < n. We now want to prove that ψ(n) ≤ 0 if n
is odd and ψ(n) ≥ 0 if n is even. Note that ψϕ = 1. Therefore (ψϕ)(n) = 0.
Thus

ψ(n)ϕ = −
(
n

1

)
ψ(n−1)ϕ′ −

(
n

2

)
ψ(n−2)ϕ′′ − · · · −

(
n

n− 1

)
ψ′ϕ(n−1) − ψϕ(n).

Each term on the right hand side is non-positive if n is odd, and each is
non-negative if n is even. Therefore ψ(n) ≤ 0 if n is odd and ψ(n) ≥ 0 if n is
even. Hence ψ = 1/ϕ is completely monotone.

Remark 4.4. The technique used in the proof of Proposition 4.3 allows
one to give a simpler proof of the fact that if T is a completely hyperex-
pansive weighted shift, then its Cauchy dual T ′ is a subnormal contraction.
The sequence {βn} associated with the weighted shift operator T : {αn} is
defined by β0 = 1, βn =

∏n−1
k=0 α

2
k (n ≥ 1). Note that βn = ‖Tne0‖2 and

αn =
√
βn+1/βn, n ≥ 0. Recall that a weighted shift T is completely hy-

perexpansive [a subnormal contraction] if and only if the sequence {βn} is
completely alternating [completely monotone]. The forward difference oper-
ator on N is defined as (∆φ)(n) = φ(n+1)−φ(n). The map φ is completely
alternating if and only if (−1)k∆kφ(n) ≤ 0, and φ is completely monotone
if and only if (−1)k∆kφ(n) ≥ 0. Let ϕ(n) = βn and ψ(n) = 1/ϕ(n). The
formula

(∆nφψ)(x) =

n∑
k=0

(
n

k

)
(∆kφ)(x)(∆n−kψ)(x+ k)

allows one to use the argument similar to that in the proof of Proposition
4.3 to show that if the sequence ϕ(n) is completely alternating, then the
sequence ψ(n) = 1/ϕ(n) is completely monotone.

Remark 4.5. In view of Corollary 3.3 and Proposition 4.3, it is instruc-
tive to give a procedure for generating a weighted shift operator from a
weighted translation semigroup and vice versa in the context of a completely
hyperexpansive weighted translation semigroup and its Cauchy dual. Let
{St} be a completely hyperexpansive weighted translation semigroup with
symbol ϕ ∈ C∞. Define

βn = ϕ(n) and αn =

√
βn+1

βn
=

√
ϕ(n+ 1)

ϕ(n)
.

It is clear that the weighted shift operator with weight sequence {αn} is
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completely hyperexpansive. For the reverse process, we need to start with
a completely hyperexpansive weighted shift operator T such that the corre-
sponding completely alternating sequence {βn}n≥0 is minimal. Recall that a
sequence {βn} is said to be minimal if the sequence {β0, β1− ε, β2− ε, . . .} is
not completely alternating for any positive ε. By an application of [6, The-
orem 1], there exists a completely alternating function ϕ on R+ satisfying
ϕ(n) = βn. Now the semigroup {St} with symbol ϕ is clearly a completely
hyperexpansive weighted translation semigroup. One may apply a similar
procedure with complete hyperexpansion replaced by a subnormal contrac-
tion with appropriate changes in the definition of minimality of a completely
monotone sequence. The details can be carried out by using [22, Chapter 4,
Definition 14a, Theorem 14b]. The following diagram depicts the associa-
tion of completely hyperexpansive weighted shift operators and completely
hyperexpansive weighted translation semigroups as well as their respective
Cauchy duals, as described above:

T : {αn} oo //
OO

��

{βn} oo // ϕ(x) oo // {St}OO

��
T ′ :

{
1
αn

}
oo //

{
1
βn

}
oo // 1

ϕ(x)
oo // {S′t}

In the light of the positive result in the case of a weighted shift op-
erator, one might expect that the Cauchy dual of a completely hyperex-
pansive operator is a subnormal contraction. However, an example of a
2-isometry whose Cauchy dual is not subnormal has recently been con-
structed in [4]. It was proved that the Cauchy dual of a 2-isometric weighted
shift is a subnormal contraction [3, Theorem 2.5(3)]. The proof of this fact
in the special case of a 2-isometric weighted translation semigroup is triv-
ial.

We now turn our attention to the class 2-hyperexpansive weighted trans-
lation semigroups. Note that the class of 2-hyperexpansive operators is
strictly bigger than the class of completely hyperexpansive operators. In
[19] and [8, Theorem 2.9], it is proved that if T is a 2-hyperexpansive oper-
ator, then its Cauchy dual is a hyponormal contraction. We now present a
special case of this result for a 2-hyperexpansive weighted translation semi-
group.

Proposition 4.6. If the semigroup {St} with symbol ϕ ∈ C2 is a 2-
hyperexpansive weighted translation semigroup, then its Cauchy dual {S′t} is
a hyponormal contraction.

Proof. In view of Corollary 3.3(1), Theorem 2.4 and Remark 4.1, it is
sufficient to prove that if ϕ is a concave function, then log 1

ϕ is a convex
function. The proof is straightforward.
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Remark 4.7. If {St} is a weighted translation semigroup, then the semi-
group property implies that for any non-negative integer n, the operator
Snt = Snt again belongs to the semigroup {St}. In particular, if {St} is a
hyponormal semigroup, then each operator St is power hyponormal. Thus
the Cauchy dual S′t of a 2-hyperexpansive operator St is power hyponormal.

Note that the Cauchy dual of a completely hyperexpansive weighted
translation semigroup is a subnormal contraction (Proposition 4.3) and the
Cauchy dual of a 2-hyperexpansive weighted translation semigroup is a hy-
ponormal contraction (Proposition 4.6). In this context, we now present an
example of a 2-hyperexpansive weighted translation semigroup {St} whose
Cauchy dual is not a subnormal contraction. In view of Remark 4.7, the
Cauchy dual operator S′t in the following example is power hyponormal which
is not subnormal.

Example 4.8. Let {St} be a weighted translation semigroup with symbol
ϕ given by ϕ(x) = 2x− log(cosh(x−10))+100. Observe that ϕ > 0, ϕ ∈ C∞
and ϕ′(x) = 2− tanh(x− 10) ≥ 0, ϕ′′(x) = tanh2(x− 10)− 1 ≤ 0. Therefore
ϕ is concave, implying that the semigroup {St} is 2-hyperexpansive. Now
ϕ′′′(x) = 2 tanh(x − 10)(1 − tanh2(x − 10)). Observe that ϕ′′′(11) > 0 and
ϕ′′′(0.001) < 0. Hence ϕ is not completely alternating. Consequently, {St}
is not completely hyperexpansive. Let ψ(x) = 1/ϕ(x). Then ψ′(x) ≤ 0 and
ψ′′(x) ≥ 0. By direct computations, we get ψ′′′(11) < 0 and ψ′′′(0.001) > 0.
Hence ψ is not completely monotone, and thus {S′t} is not a subnormal
contraction.

The problem of describing the Cauchy dual of an alternatingly hyper-
expansive operator, even in the special case of a weighted translation semi-
group, seems to be difficult. The following examples illustrate the situation
in some simple cases. In view of Corollary 3.3(5) and Remark 4.1, we need
to examine the reciprocal of an absolutely monotone function.

Example 4.9.

(1) Let ϕ(x) = ex. It is an absolutely monotone function. Observe that the
function 1/ϕ(x) = e−x is completely monotone.

(2) The following result is a special case of [3, Proposition 4.3]. Let ϕ(x) =
x2 + px + q, p, q > 0. It is an absolutely monotone function. Suppose
ϕ(x) has both roots complex. It is easy to see that the function 1/ϕ is
not completely monotone.

(3) Let ϕ(x) = x2 + px + q, p, q > 0. Suppose ϕ(x) has both roots real. It
can be seen that the function 1/ϕ is completely monotone.

5. Concluding remarks. The present work attempts to study the be-
haviour of an operator St with a motivation to compare it with a weighted
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shift operator. The appearance of a function in place of a sequence allows
one to use different techniques, not available in the discrete case. The au-
thors believe that these techniques might be employed to tackle some prob-
lems about weighted shifts. In particular, the problem of characterizing m-
isomeric transformations whose Cauchy dual is a contractive subnormal op-
erator is challenging even in the case of a weighted shift operator. Though
some special cases of this problem have been discussed in [3], the general case
still remains unanswered. In a sequel to this article, the authors have devel-
oped an analytic model for left invertible weighted translation semigroups
enabling one to realize every left invertible operator St as multiplication by z
on some suitable reproducing kernel Hilbert space. In particular, the model
applies to hyperexpansive weighted translation semigroups. We also describe
the spectral picture of a left invertible weighted translation semigroup. In
the process, we point out that in contrast with the situation for weighted
shift operators, the kernel of the adjoint S∗t is infinite-dimensional.
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